
 
GroupTheory
weektt4 tt

6IGeneratingsets
Recall a gdigmpGQme.nlEhime n orEes
Other groups need 2 or more generators

Def Let S e G be a subsetof a group G The

subgroupof
Gggenemtedbysn.sn yS g e G g x xn for some xies

4
note S e es all possible finite products ofelements in S and their inverses
check that is indeed a subgroupof G
let 9h Igm Ess Then 9h r xnvyr.imX Kuy Ym ECS

where ti yjES yj.es EELS the emptyproduct
He Ymt Yi e s

Reina 1 If G is written adolithely G CE t o

Tcsonething we usually do ifG is an then
LS g E Gilq x I I Xu for xies

Sg e a f g c X t taxis f
geht g k X t thnx Eiffel7 i
gee eine combinations ofelementsofa rector snb.snffYavectwspacev in SLN CS EV



Remain S is the smallest subgroupof
G containing S In fact

Sstits it
Reward If GHS we call Sa gen Et
for G and the elementsof S are calledaeratorsofG
G is a firinitelygeneratedgroup of Gex n

for some Xi EG

Examples
F 212 2 2 is generated by X Cbo and f toD

much the same as Ris nented by X y
i e Z Lx y
in other words every pair Mon

2
can be

written as
fm h I Cbo t I fo ICO 1 I IBD

eg Es 3 cbDtji
G S's a a i

Z3
let a 1200rotation L

b reflection in dashed axis If 3
Then G Is generated by a and bi

53 9431,1 3 GTE 334523,6331
e a ai b b a bas



Ga
In fact Ss has presentation
85 5 a b I ate bee ba ab

p
generators relations in thegroup

243 11 54,3
ta
le a ay lb.ba.ba

For a presentation forthe dihedralgroupDn
eHisfheg es on webpage

I Denve.IS pau.zation
Given elements x g in a group G their

com.mntntjxigsx.iq
c

This isusually denoted by Ex.y3 aCX.y
Warning GAP uses Exyj X tylxy.TLx and y commute Cie Xy_yx if and

only if their commutator is theidentity
Cine Xyx ly tee

commutator measures failure of commutativity

Det The derivedsubgroupe or the commutator

snbgroIofagroupGis1GlegEGig xyxty itorsomex.y



Iggy
i e the set of all 1commentators in Gproductsof

Examples C G abelian Cor commutative G e3
2 G Sz G e a.AZ NZz

reason ba b at bats I a _babita Eba7

Proposition ED G is a normal subgroupof G
E GIGI is abelian

If No G then
GIN is abelian G'em

ProofCD G'is a subgroup
g heal g a bath haxyxty for some

a ATEG
gh aba b 1 xyxtyTEG

we need L 3 here

gEG g ab5bt a be G
g I babhi EG Cie Eaby Eb a

e Ee e CGf

G is a normal subgroup
9 91 XEG xgx4g I E G CbgdefofG
abaib

g
t eat since G'is a

multiply subgroup
byg on the right

G GIGI abelian
let aal and babe two assetsofG Then
AG bat GiTl.bG5t_aal.bg1 ata1 b's



a bank Gl
spice abatbEG TE Gl

C Tf NOG GIN is abelian then for
A a b EG a bat 5 N EN byargument I l

ab a b ex
GLEN

1 If Glen OG then by the 2hdIsothmnextweek
The projection it G GHy
factors through a projection F GIGI 4N
Hence since 61h1 is abelian by 14 we conclude
that ally is also abelian D

Note Here at the end we used
Lemma Every factor group of an abelian grouplexera.se

isagairabeli
NotationHerminology

I is called the abeliamzation
off

By above Prop Cfarts Gab is the largestabelian
quotientofGi

GED Gat Gla
4 Is a surjectivehorn 6 exists seek that

suried H 7 abelian group
9 t

homeomorphism



Eixample G simple Gaa
G if GEE.EE

group el otherwise

reason n Glo G gyz.y.ee.EE let Gae G CTfehn.PH

G'T G Gaffey
G p

eg Ag ah Eel for n 5

3 ah
53
2,3 22

Diop Every horn 916 It takes G'to H
This implies the derived subgroup is a fullycharacteristic subgroup ofG

Proof QCghgt.it 9cg 641497947
HghEG capechipcgp4155 EH

Cod Every horn between two groups induces a

horn between their abelianizations
GISH

Fae ie.ae Hfi
Quota op

Uae AGI Ceos It

Cos If G It then Gab Hab i

chGETA Yaf Gaa Hah


